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years (see the monographs [41,17], the survey [22] and the reference given there).
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D. Dikranjan / Topology and its Applications 153 (2006) 1930–1955 1931This survey is an extended version of my talk under the same title given at the V
Iberoamerican Conference on Topology and its Application CITA-2003, June 10–14, 2003,
Lorca (Murcia). Its primary goal is to give a relaxed (from categorical point of view) expo-
sition of the theory of closure operators in topological groups, parallel to the recent paper
[42] where closure operators of the category Top of topological spaces and continuous
maps are studied in full detail (as collections of operators C = (cX)X∈Top such that each
cX assigns to every subset M ⊆ X a larger subset cX(M) of X so that: cX(M) ⊆ cX(M1)
whenever M ⊆ M1 ⊆ X; and f (cX(M)) ⊆ cY (f (M)), if f :X → Y is a continuous map).
Here, we study the closure operators in the category TopGrp of all topological groups
and continuous group homomorphisms (for the definition see 3.1). In most cases, one can
lift closure operators of the category Top along the forgetful functor U1 : TopGrp → Top
or closure operators of the category Grp of abstract groups along the forgetful functor
U2 : TopGrp → Grp. Here, we consider closure operators of TopGrp that cannot be ob-
tained in this way.
In Section 2, we recall basic properties of preradicals in TopGrp, with particular em-
phasis on von Neumann’s kernel. In Section 3, the closure operators in TopGrp and
their connection to preradicals of TopGrp are outlined. Particular attention is paid to the
idempotent closure operator g of the category TopAbGrp of Abelian topological groups
introduced in [39], and its relation to measure and convergent sequences. In Section 5, we
consider other possibilities to define idempotent closure operators of TopAbGrp related to
von Neumann’s kernel. In Section 5.2, we discuss the recent solutions of problems posed
in [39], essentially based on results from [11,10,38].
During the process of writing new unpublished results that are closely related to the
topic announced in the title appeared [11,38,8–10,63]. In order to include these results I
had to resist the temptation to write a survey on general closure operators in topological
groups. It turned out to be more realistic to limit the present survey only to those closure
operators that are related to von Neumann’s kernel. I hope that this material is rich enough
to give an idea about the extraordinary possibilities of this approach and the application
in other areas such as Number Theory and Topological Theory of Topological Groups
(convergent sequences, measures, etc.).
The results on closure operators in categories of (abstract or topological) groups and
modules that remained without comment in this survey concern mainly categorical com-
pactness and related properties (see [47,48,21,22,43–45,20,61,62] and the surveys [29,
Section 2.3], [30, Section 5.2]). For a rigorous categorical exposition of closure operators
the reader should consult [41].
2. Preradicals of topological groups
A non-empty full isomorphism-closed subcategory A of TopGrp is reflective if every
topological group G admits a continuous homomorphism (reflexion) rG :G → rG ∈ A
such that for every continuous homomorphism f :G → A ∈ A there exists a unique
continuous homomorphism f ′ : rG → A such that f = f ′ ◦ rG. Moreover, if every rG
is surjective (a quotient map), A is called (strongly) epireflective. A reflective subcat-
egory of TopGrp is (strongly) epireflective if it is stable under taking subgroups (and
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(strongly) epireflective if and only if it is stable under taking products and subgroups (and
finer topologies).
An epireflective subcategory B of TopGrp is bireflective if B is stable under initial
morphisms, i.e., if f :H → G with G ∈ B and H carries the initial topology with respect
to f , then H ∈ B (note that this strong condition implies, in particular, that B is stable
under taking subgroups). It is easy to see that any bireflective subcategory B of TopGrp
contains all indiscrete groups.
Every class C of topological groups admits a smallest epireflective (respectively, bire-
flective) subcategory ETopGrp(C) (respectively, BTopGrp(C)) of TopGrp containing C—
the epireflective (respectively, bireflective) hull of C. When C = {C} is a singleton, we
write simply BTopGrp(C) instead of BTopGrp({C}) and say B = BTopGrp(C) is simply gen-
erated.
Epireflective and bireflective subcategories of TopAbGrp, as well as epireflective and
bireflective hulls of subcategories of TopAbGrp are defined analogously (we use the nota-
tion ETopAbGrp and BTopAbGrp respectively). The definitions given above take into account
the specific features of the category TopGrp. For a rigorous exposition in the general case
see [1].
2.1. Torsion theories and preradicals in TopGrp
In the sequel, we write H G whenever G ∈ TopGrp and H is subgroup of G.
A preradical r of TopGrp is a functorially assigned subgroup r(G) to every G ∈
TopGrp, i.e., f (r(G))  r(H) for every continuous homomorphism f :G → H . In par-
ticular, r(G)  G is always a normal subgroup of G. If r(G/r(G)) = {1} holds for
every topological group G, we call r a radical. The preradical r is idempotent if always
r(r(G)) = r(G) holds.
For a preradical r, a topological group G is
• r-torsion if r(G) = G,
• r-torsion-free if r(G) = 1.
The full subcategory Fr of all r-torsion-free groups is strongly epireflective [19].
On the other hand, every class A ⊆ TopGrp defines a radical rA by letting
rA(G) =
⋂
{kerfi | fi :G → Ai ∈ A}
for G ∈ TopGrp. It is easy to see that
Lemma 2.1. Always A ⊆ FrA ; the equality A = FrA holds if and only if A is strongly
epireflective. In this case the reflexion map is given by the canonical homomorphism G →
G/rA(G) for every G ∈ TopGrp.
For preradicals r and s, we set r s if r(G) ⊆ s(G) for every topological group G.
Example 2.2. The guiding examples of a functorial subgroup (preradical) shall be:
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(b) the quasi-component q(G) of G with Fq = {totally disconnected groups};
(c) the arc-wise connected component a(G) of G (a(G) is the subgroup of all points that
can be connected to 1 by an arc) with Fa = {groups containing no non-trivial arcs}.
It is helpful to consider also the bigger preradicals z and o defined as follows for G ∈
TopGrp:
(d) z(G) is the intersection of all kernels of continuous homomorphisms G → H , where
H is a zero-dimensional group (i.e., has a base consisting of clopen sets);
(e) o(G) is the intersection of all open normal subgroups of G.
Then Fz consists of all groups that admit a coarser zero-dimensional group topology, while
Fo consists of all groups that admit a coarser linear topology (i.e., a Hausdorff group
topology with a local base at 1 consisting of open normal subgroups). Clearly, a c q
z  o. All these preradicals are radicals, while only c and a are idempotent. The radical
o coincides with rLGrp, where LGrp is the epireflective subcategory of TopGrp of all
groups equipped with a linear topology (by the above mentioned property of Fo), and the
other radicals can be described similarly.
The composition rs of preradicals r and s is defined as rs(G) := r(s(G)) for G ∈
TopGrp. One can define the iterations rα for every ordinal α by letting r1 = r, rα+1 = rrα
and rα =⋂β<α rβ(G) for limit α and G ∈ TopGrp. For each group G, the descending
chain {rα(G)} stabilizes at some α and then we set rα(G) = rα+1(G) = r∞(G). In this
way we get an idempotent preradical r∞; it is the largest idempotent preradical contained
in r. In particular, q∞ = c since a group satisfying H = q(H) is connected. It is important
to note that the descending ordinal chain {rα} may form a proper class, even if for every
group G its values {rα(G)} get stable (e.g., r = q has this property [28]).
Further information concerning functorial subgroups of topological groups can be found
in [27,29,40]. For preradicals in pointed categories see [41, Section 5.5].
The general approach to connectedness and disconnectedness of Preuss [68], Arhan-
gel´skiı˘ and Wiegandt [2] for topological spaces (see [23] for further reference in this
direction), can be adopted also in the context of topological groups and modules as fol-
lows [27]. Let P be a class of topological groups. A torsion theory of P is a pair τ = (C,D)
of subclasses of P such that:
(i) each continuous homomorphism f :C → D with C ∈ C and D ∈D is trivial;
(ii) C (respectivelyD) contains all groups C (respectively D) of P such that all homomor-
phisms f :C → D with D ∈D (respectively C ∈ C) are trivial.
The groups in C are considered as τ -connected or τ -torsion and those inD—as hereditarily
τ -disconnected or τ -torsion-free. Indeed, every topological group G has a closed functorial
subgroup τ(G) (the τ -component of G) such that τ(G) ∈ C and G/τ(G) ∈D. In particular,
τ is an idempotent radical. Vice versa, every idempotent radical τ in P gives rise to a
torsion theory of P by setting C = {G ∈ P: τ(G) = G} and D = {G ∈ P: τ(G) = 1}.
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in [14].
2.2. Von Neumann’s kernel n(G)
Let CompGrp denote the class of compact Hausdorff groups. Its is well known that
CompGrp is a reflective subcategory of TopGrp, for every topological group G the re-
flexion (denoted by ρG :G → bG) has dense-image and is known as Bohr compactification
of G.
A topological group G is totally bounded if for every non-empty open set U of G there
exists a finite subset F of G such that U · F = G. The Hausdorff totally bounded groups
will be called precompact. Clearly, every compact group is precompact (and complete). It
was proved by A. Weil that a Hausdorff topology τ on a group G is precompact if and
only if (G, τ) has a compact completion. Let BGrp (PGrp) denote the category of totally
bounded (respectively, precompact) groups. Then BGrp (PGrp) is a bireflective (respec-
tively, epireflective) subcategory of TopGrp. Obviously, PGrp (BGrp) is the epireflective
(respectively, bireflective) hull of CompGrp. We shall abbreviate PGrp ∩ AbTopGrp to
PAbGrp, etc.
Definition 2.3. The von Neumann’s kernel n(G) of a topological group G is the kernel of
the Bohr compactification ρG :G → bG.
There are several other equivalent definitions of the von Neumann’s kernel:
• n(G) is the radical n = rCompGrp corresponding to the class CompGrp;
• n(G) = {x ∈ G: f (x) = f (1G) for all almost periodic functions f :G → C} [64].
For a topological Abelian group G denote by Ĝ the group of all characters of G (i.e.,
continuous homomorphism into the torus T = R/Z written additively). Then
• n(G) =⋂{kerχ : χ ∈ Ĝ} for G ∈ TopAbGrp.
Let U =∏n U(n), where U(n) is the group of all n × n unitary matrices in GLn(C).
According to Peter–Weyl’s theorem, for every compact group K the continuous homomor-
phisms K → U separate the points of K [53]. Hence the compactness of K yields that K
is isomorphic to a closed subgroup of some power of U, i.e., PGrp = ETopGrp(U) (anal-
ogously, PAbGrp = EAbTopGrp(T)). It is for this reason that for non-Abelian topological
groups G the role of Ĝ is played by the set Hom(G,U) of continuous homomorphisms
f :G → U.
• n(G) =⋂{kerf | f :G → U} for G ∈ TopGrp.
Definition 2.4. Let G be a topological group. According to J. von Neumann [64]:
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(b) G is minimally almost periodic (briefly, MinAP) if and only if n(G) = G.
In the sequel we denote by G+ is the group G equipped with its Bohr topology, i.e., the
initial topology of ρG :G → bG.
It is easy to see that n(G) = n(G+), so G+ is Hausdorff if and only if G is MAP.
3. Closure operators in TopGrp
3.1. General setting
Definition 3.1. A closure operator in TopGrp is a collection of operators C = (cG)G∈TopGrp
such that each cG assigns to every subgroup H G a larger subgroup cG(H) of G (i.e.,
H  cG(H)) so that:
(a) cG(H) cG(H1) whenever H H1 G;
(b) f (cG(H)) cN(f (H)), if f :G → N is a continuous homomorphism.
A subgroup H of G is C-closed if cG(H) = H , H is C-dense if cG(H) = G. We write
C  D for two closure operators if cG(H)  dG(H) holds for every G ∈ TopGrp and
H G.
Closure operators in Top and Grp can be defined in a similar way [37,48,41,42].
A closure operator C in TopGrp is said to be idempotent if always cG(cG(H)) = cG(H)
holds; C is said to be hereditary if cN(H) = N ∩ cG(H) holds whenever H N G.
Example 3.2.
(1) kG(H) = H the usual Kuratowski closure.
(2) Closure operators of Grp (defined analogously) give closure operators of TopGrp,
e.g., the normal closure νG(H) = HG (where HG denotes the normal subgroup of G
generated by H ).
(3) Closure operators C of Top such that cX×Y (A×B) = cX(A)× cY (B) for every A ⊆
X,B ⊆ Y , give rise to closure operators of TopGrp as in (1) (e.g., sequential closure,
k-closure, ω-closure, etc. [41]). (Closure operators of TopGrp with this property are
known as finitely productive, [41]. Finding examples of non-finitely productive closure
operators of Top is quite hard [42].)
(4) The Bohr-closure is defined by bohrG(H) = kG+(H). If N is a normal subgroup of G
and f :G → G/N is the canonical homomorphism, then bohrG(N) = f−1(n(G/N)).
(5) Following the idea from [18], where closure operators of AbGrp were defined via
functorial topologies of AbGrp, one can generalize the closure operator from (4) by
taking functorial topologies (i.e., bireflections) of TopGrp. Indeed, Bohr is obtained
from the bireflection G 
→ G+. As another example consider the pro-finite topology of
G ∈ TopGrp (having as basic neighborhoods of 1 all open normal subgroups of finite
index of G).
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A large class of closure operators of TopGrp is defined by means of a special con-
struction involving a fixed class A of topological groups. For such a class A, define the
regular closure operator regA of A as follows. For a pair of morphisms f,g :G → H in
TopGrp let eq(f, g) = {x ∈ G: f (x) = g(x)}. Obviously, eq(f, g) is a subgroup of G. For
G ∈ TopGrp and H G, let
regAG(H) =
⋂{
eq(f, g): f,g :G → A ∈ A, f H= g H
}
.
It is easy to see that this defines an idempotent closure operator regA and the following
property holds true in a quite general setting [41,18]:
Proposition 3.3 (Salbany–Giuli paradigm [70]). The inclusion H ↪→ G in A is an epimor-
phism in A if and only if H is regA-dense in G.
Now we discuss the regular closure operator of the subcategory HausGrp of all Haus-
dorff groups in TopGrp.
It easily follows from the above proposition and the known properties of continuous
maps with Hausdorff codomain that regHausGrpG (H) ⊇ kG(H), so regHausGrp  K . This
motivated the celebrated Epimorphism problem set by Hofmann, which can also be formu-
lated in the following equivalent form:
Epimorphism problem: Does regHausGrp coincide with K?
Or equivalently: if H G ∈ HausGrp is closed and the inclusion H ↪→ G is an epi in
HausGrp, is H = G?
We mention here only the following contributions:
(a) Poguntke [67] Yes, if G is (pre)compact;
(b) Nummela [65] Yes, if G is locally compact;
(c) Uspenskij [74] No, if G =H(T) is the group of all homeomorphisms of T equipped
with the uniform convergence topology and H = Stab(1) is the stabilizer of 1.
The negative answer of Uspenskij motivated the following question from [41]: is the
category of Hausdorff topological groups co-well-powered? For the benefit of the reader
who is not familiar with this notion we offer here the following equivalent counter-positive
form:
Question 3.4. Does there exist a proper class of epimorphisms H → Gα in HausGrp,
with α ∈ Card and |Gα| = α?
A positive answer to this question was announced by Watson in 1997 [77].
For further results in this direction see Pestov [66] and Uspenskij [75].
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Every closure operator C of TopGrp gives rise to a preradical rC of TopGrp by letting
rC(G) := cG({1}) for every G in TopGrp.
The connection in the opposite direction is somewhat more complicated. We define first
the minimal and the maximal closure operators Cr and Cr associated to r (cf. [37,41]).
Definition 3.5. Let G ∈ TopGrp and H G.
(i) The minimal closure operator Cr = ((cr)G) is defined by cr(H) = H · r(G).
(ii) The maximal closure operator Cr = (crG) of r is defined by crG(H) = f−1(r(G/HG)),
where f :G → G/HG is the canonical homomorphism.
It is easy to see that:
(a) H G is Cr-closed if and only if H  r(G);
(b) H G is Cr-closed if and only if H = HG and r(G/HG) = {1}; in particular, H is
normal and r(G/H) = {1};
(c) Always Cr C  Cr, where r = rC ;
(d) Cr is always idempotent, while Cr is idempotent if and only if r is a radical.
Example 3.6. In TopAbGrp:
• K = Cr is maximal, where the preradical r is defined by r(G) = {1};
• Bohr = cn is maximal.
For every closure operator C of TopGrp, the category Fr, where r = rC , contains the
full subcategory Δ(C) of TopGrp, consisting of all groups G such that the diagonal sub-
group ΔG of G×G is C-closed. Indeed, for G ∈ Δ(C), (a) implies
ΔG ⊇ r(G×G)= r(G)× r(G),
which obviously yields the triviality of r(G) and so G ∈ Fr. (For every preradical r the
equality r(G × H) = r(G) × r(H) holds true for G,H ∈ TopGrp.) It is not hard to see
that
Δ(Cr) = TopAbGrp ∩Fr and Δ(Cr) =Fr (1)
[19]. A remarkable property of the category TopGrp is that the so-called Diagonal theo-
rem holds true: every strongly epireflective subcategory A of TopGrp has the form Δ(C)
for some closure operator C of TopGrp (indeed, take C = Cr, where r = rA and apply
Lemma 2.1 taking into account (1)). For the failure of the Diagonal Theorem in general
see [24].
3.4. Three closure operators of TopGrp related to n
We have seen above that for a closure operator C and a preradical r, one has r = rC
if and only if Cr  C  Cr. The aim of this paper is to study the “interval” of closure
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Cn,C
n and Bohr.
It follows immediately from Poguntke’s theorem that regPGrp = Bohr. Obviously, the
radical related to these closure operators is n.
The following are equivalent for a topological group G:
• G is MAP (i.e., G ∈Fn);
• {1} is Cn-closed in G;
• {1} is Cn-closed in G;
• every subgroup of G is Cn-closed.
The next two properties are important in the duality theory of topological Abelian
groups. A subgroup H of a topological group G is:
• dually closed if G/H is MAP;
• dually embedded if each character of H extends to a character of G.
Consequently, a subgroup H of an Abelian group G is dually closed if and only if it is
Cn-closed.
Following [16], we denote by X(1) (X(2)) the class of all G ∈ TopAbGrp such
that every closed subgroup of G is dually closed (respectively, dually embedded). In
other words, X(1) consists of all G ∈ TopAbGrp such that kG = cnG. By the celebrated
Pontryagin–van Kampen duality theorem, the locally compact Abelian groups and pre-
compact Abelian groups belong to X(1) and X(2).
Lemma 3.7. cnG(H) = bohrG(HG) for H G ∈ TopGrp. Consequently, Cn = K = Bohr
in X(1).
In the non-Abelian case, Cn = K even for compact groups (the compact group SO3(R)
is simple, hence every non-trivial subgroup is Cn-dense).
In general Bohr = K (i.e., dually closed = closed) even in MAP Abelian group. Ba-
naszczyk [3] and Hooper [55] gave examples of discrete (hence, closed) subgroups of
MAP Abelian groups that are actually Bohr-dense. The groups proposed by these authors
are relatively large. The following much smaller example with the same properties was
proposed recently by Higasikawa [54]:
Example 3.8. [54] Let G = (Z, τp)× (Z, τq), where p = q are primes and τp is the finest
group topology on Z such that pn → 0 in (Z, τp) (see [79]). Then G is MAP, H = ΔZ
is discrete and Bohr-dense. The first property follows from the fact that τp (τq ) is finer
than the p-adic (respectively, q-adic) topology of Z. The second property has a more del-
icate number theoretic nature (see [54] for more detail). To check the third property note
that (Z, τp)+ ((Z, τq)+) coincides with Z equipped with the p-adic (respectively, q-adic)
topology. Since the quotient topology of the cyclic group G+/H coincides with the infi-
mum of the topologies (Z, τp)+ and (Z, τq)+ [40, Exercise 2.10.22(b)], it suffices to recall
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The following implications obviously hold for every Hausdorff group G
G ∈ PGrp ⇒ kG = bohrG ⇒ G is MAP.
Let us see now that none of these two implications can be inverted even for Abelian
groups. Indeed, the above example shows that for a MAP Abelian group G, one may have
kG = bohrG. On the other hand, for an Abelian group G, the equality kG = bohrG means
precisely G ∈ X(1), while G ∈ PGrp precisely when G = G+, i.e., the Bohr topology of
G coincides with the original topology of G.
Example 3.9. Let us see two examples of (necessarily) MAP Abelian groups G with kG =
bohrG, that are not precompact:
(i) for every infinite discrete Abelian group G one has kG = bohrG (as locally compact
groups belong to X(1));
(ii) for every MAP group topology on G = Z(p∞), obviously, kG = bohrG holds, even if
the group G need not be precompact.
To prove (ii) it suffices to recall that all proper subgroups of G are finite, hence closed in
any Hausdorff group topology.
4. The closure operator g
In the sequel, we denote by Ĝ the Pontryagin dual of a topological Abelian group G,
namely the group Hom(G,T) equipped with the compact open topology. Moreover, for
every continuous homomorphism f :G → H in TopAbGrp, we denote by f̂ : Ĥ → Ĝ the
adjoint homomorphism defined by χ 
→ χ ◦ f for χ ∈ Ĝ.
Definition 4.1. For a topological Abelian group G and a sequence χ = (χn) of characters
χn ∈ Ĝ let
sχ (G) =
{
x ∈ G :χn(x) → 0 in T
}
.
In general, for G ∈ TopGrp consider the subgroup sf (G) = {x ∈ G :fn(x) → 1 in U} for
f = (fn) ∈ Hom(G,U)ω .
Now we see that su is “functorial” in an appropriate sense:
Lemma 4.2. f−1(sv(H)) = sfˆN(v)(G) for every morphism f :G → H in TopAbGrp, and
for every v ∈ ĤN.
Example 4.3. (a) For G = T, Ĝ = Z and u = (un) ∈ Zω one has su(T) = {x ∈ T :unx →
0 in T}.
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with un :Jp → Jp/pnJp ∼= Zpn  T for every n ∈ N, where Zpn denotes the cyclic group
of order pn identified with a subgroup of T [39].
Now we define a closure operator g of TopAbGrp so that for every G ∈ TopAbGrp
the subgroups su(G) are “basic” g-closed subgroups. For G ∈ TopAbGrp and H G let
gG(H) :=
⋂
u∈ĜN
{
su(G): H  su(G)
}
.
It follows from Lemma 4.2 that g = (gG) is a closure operator in TopAbGrp [39]. When
H = 〈x〉 is cyclic we write briefly gG(x) instead of gG(〈x〉).
Example 4.4. A closed subgroup N of a compact Abelian group G is basic g-closed if and
only if G/N is metrizable; i.e., N is a Gδ-set. Indeed, if G/N is metrizable, then G/N is
isomorphic to a subgroup of Tω. Hence there exist a sequence of characters un such that
u = (un) :G/N → Tω is an embedding. Now expand the sequence u = (un) to a sequence
v = (vn) in such a way that every un appears infinitely many times in v. Therefore, x ∈
sv(G) only if un(x) = 0 for every n. This implies x ∈ N . Since N is obviously contained
in sv(G), we get N = sv(G).
Conversely, if the subgroup N of G is basic g-closed, then N = sv(G) for some
v = (vn). Since K = ⋂n kervn ⊆ sv(G), we conclude that K ⊆ N . Since u = (vn) :
G/K → Tω is an embedding, the group G/K is metrizable. By K ⊆ N , the quotient G/N
is a quotient group of G/K , and consequently G/N is metrizable too.
It follows from the above example that every closed subgroup of a compact metrizable
Abelian group is basic g-closed. On the other hand, every closed subgroup of a compact
Abelian group, being the intersection of kernels of characters, is g-closed (since the kernel
of a character is a closed Gδ-subgroups).
Remark 4.5. The above properties imply g  K on CompAbGrp, because both closure
operators are idempotent. We shall see below that
• this holds true in the larger subcategory PAbGrp (follows from Proposition 4.8);
• the inequality gG  kG is strict for a compact Abelian group G if and only if G is
infinite (Corollary 5.9).
4.1. Properties of g
Lemma 4.6.
(1) The associated preradical to g is n, so Cn  g Cn;
(2) G is MAP if and only if gG({1})= {1} (if and only if (cn)G  kG).
Proof. For G ∈ TopAbGrp obviously n(G) ⊆ gG({0}) as n(G) ⊆ su(G) for every
u ∈ ĜN. On the other hand, if x /∈ n(G), then there exists a continuous homomorphism
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So, x /∈ gG({0}). The rest is trivial. 
By (1) of the lemma and Lemma 3.7 g Bohr in TopAbGrp.
The following property shows that it is worth studying g only in precompact groups:
Proposition 4.7. [39, Proposition 2.9] gG(H) = gG+(H) for every group G and H G.
It is easy to see that g is idempotent. On the other hand, when restricted to the subcat-
egory of locally compact Abelian groups or to PAbGrp g is even hereditary due to the
following
Proposition 4.8. If G ∈ TopAbGrp and N is a dually embedded subgroup of G, then
gN(H) = gG(H) ∩ N for every subgroup H of N . In particular, if G ∈ X(2), then g is
hereditary on G.
Proof. Let ι :N ↪→ G be the inclusion. By our hypothesis, the map ιˆ : Ĝ → N̂ is surjective.
So, for every u ∈ N̂N there exists v ∈ ĜN such that u = ιˆN( v ). Then, by Lemma 4.2
su(N) = N ∩ sv(G). Hence, for every su(N)  H in N one has su(N) ⊇ N ∩ gG(H),
and consequently, gN(H) ⊇ N ∩ gG(H). Since the other inclusion is trivially true, we are
done. For the final conclusion it suffices to note that for G ∈ X(2) every subgroup is dually
embedded (as characters defined on dense subgroups can be continuously extended). 
This proposition implies that for G ∈ X(2) gG(H) = gN(H) holds, where N =
bohrG(H).
Example 4.9. (a) All countable subgroups of the group T are g-closed. The first proof of
this fact was given in [31,32,35]. We shall see in Theorem 5.2 that a much stronger result
is proved in [12]. Namely, every countable subgroup of T is basic g-closed.
(b) It follows from (a) that every countable subgroup H of R is g-closed. Indeed, we can
assume without loss of generality that ZH R (otherwise, consider any continuous au-
tomorphism of R that takes Z to a subgroup of H ). Then H = ϕ−1(ϕ(H)), and ϕ(H) T
is g-closed (as a countable subgroup of T), where ϕ :R → T is the canonical map.
(c) It was proved recently that all countable subgroups of an arbitrary compact Abelian
group are g-closed [38,10,63] (see Theorem 4.10 below). According to Propositions 4.7
and 4.8, this implies that the property remains true for MAP Abelian groups as well.
Important classes in Top (k-spaces, Fréchet–Urysohn spaces, sequential spaces,
(arcwise-)connected spaces, totally disconnected spaces, zero-dimensional spaces, spaces
of countable tightness, etc.) are defined by coincidence of appropriate pairs C,C′ of clo-
sure operators of Top (for example, k-spaces are defined by the equation K = k-closure
[41, Chapter 3]). In the sequel we show that g can be used to characterize the MAP groups
with appropriate restrictions on the subgroups whose closure is taken in consideration:
Theorem 4.10. [39,38,10] For a G ∈ TopAbGrp the following are equivalent:
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(b) every cyclic subgroup of G is g-closed;
(c) every countable subgroup of G is g-closed.
By using Proposition 4.8 one can reduce the proof of the theorem to the case of compact
groups G. The equivalence of (a) and (b) was proved in [39], the equivalence of (a) and (c)
for compact groups (left as an open question in [39]) was proved independently in [38,10]
and [63]. The fact that every cyclic subgroup of T is g-closed was proved in [32,35] and
inspired this theorem (see Example 4.9).
Remark 4.11. It is important to include in (b) also the zero subgroup. Indeed, it was proved
in [39] that every non-zero cyclic subgroup of some G ∈ TopAbGrp is g-closed if and only
if G is either MAP, or G ∼= Z(p∞) (algebraically) with nG ∼= Zp .
The following corollary describes the g-closure of countable subgroups of Abelian topo-
logical groups.
Corollary 4.12. g(H) = cn(H) for every Abelian topological group G and every countable
subgroup H of G.
Proof. Let G ∈ TopAbGrp and H be a countable subgroup of G. The inclusion
(cn)G(H) gG(H) is part of (1) of Lemma 4.6. To prove that (cn)G(H) ⊇ g(H) consider
the map ρG :G → bG. By Theorem 4.10 the countable subgroup ρG(H) of the com-
pact group bG is g-closed. Hence (cn)G(H) = ρ−1G (ρG(H)) is g-closed in G. Therefore,
(cn)G(H) ⊇ g(H). 
Question 4.13. Does “closed” imply “g-closed” for subgroups of MAP Abelian groups?
A positive answer to this question means that K  g on MAP. Note that MAP is a
necessary condition (the non-MAP group appearing at the end of Remark 4.11 shows that
K  g may fail).
Question 4.14. Is the closure operator g additive, i.e., does gG(H1 + H2) = gG(H1) +
gG(H2) always hold for subgroups H1,H2 of any G ∈ TopAbGrp?
4.2. g-closure and measure
In the sequel we denote by ‖ · ‖ the norm induced by the usual distance on T.
Since su(G) = ⋂∞m=1⋃∞k=1⋂∞n=k{x ∈ G: ‖unx‖  1/m} for G ∈ TopAbGrp and
u ∈ ĜN, every basic g-closed subgroup is an Fσδ-set (i.e., a countable intersection of
Fσ -sets), hence measurable when G is locally compact and equipped with its Haar mea-
sure.
Theorem 4.15. [26,69] If G is a locally compact Abelian group that is either metrizable
or compact and u = (un) ∈ ĜN is faithfully indexed, then su(G) has Haar measure zero.
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implies [G : su(G)] = ∞. Hence a basic g-closed subgroup H of a compact Abelian group
G has Haar measure zero if and only if [G : H ] = ∞. Since every proper subgroup of T
has always infinite index, one can conclude that a non-g-dense subgroup of T has Haar
measure zero. This motivated the following
Question 4.16. [69] Are Haar measure zero subgroups of T never g-dense?
Note that a negative answer to this question provides also an example of a subgroup of
T that is not g-closed (compare with Example 4.9).
Theorem 4.17. [4] Under the assumption of MA (Martin Axiom), there exists a Haar
measure zero g-dense subgroup H of T.
The proof works for an arbitrary connected LCA group G that is either metrizable or
compact of weight  c. It heavily exploits the fact that such a group G has a first category
set E such that G \E has measure zero. In case G is compact, |Ĝ| c = cω, so we can list
all subgroups of G of the form {su(G): u ∈ Ĝω} as {Hξ : ξ < c}. By a standard transfinite
induction, one can build a subgroup H of G such that H ⊆ Hξ for all ξ < c and H ∩E is
finite, so H has measure zero. For further details see [6].
Hart and Kunen [51] found an effective ZFC example using a completely different idea.
For a countably infinite subset B of T, let sB(T) = {x ∈ T: limb∈B bx = 0 in T}.1 For
every non-fixed filter F on ω let sF (T) =
⋃
B∈F sB(T).
Theorem 4.18. [51] There exists a filter F on ω such that the subgroup sF (T) of T is
g-dense with Haar measure zero.
For the proof, one takes F ⊆ [ω]ω generated by all sets {k! + 1: k ∈ D}, where D ⊆ ω
has asymptotic density 1. Then F ⊆ [ω]ω is a Borel set, hence sF (T) is measurable (see
[52] for more details).
In [52], this example was extended to arbitrary compact Abelian groups:
Theorem 4.19. [52] Every infinite compact Abelian group G admits a g-dense subgroup
of Haar measure zero.
In particular, this theorem implies that Cn < g on every infinite compact Abelian
group. We shall see in Corollary 5.9 that also the strict inequality gG < kG holds on such
groups G.
1 We also keep this notation for arbitrary topological Abelian groups G and for one-to-one sequences a =
(an) =: A in Ĝ.
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Let G be an Abelian group. Due to well-known results of Comfort and Ross, every
precompact group topology τ on G coincides with the initial topology TH induced by a
dense subgroup H of the compact group K = Ĝ (more precisely, H = (̂G, τ )). Since G
can be identified, via Pontryagin–van Kampen duality, with K̂ , one can study the (basic
g-closed) subgroups of the form su(K) of K when u = (un) is a sequence in G. With
this interpretation one can easily see that un → 0 in (G,TH ) if and only if H  su(K).
In particular, su(K) = K if and only if un → 0 in (G,TK), where TK is the maximal
precompact topology G. It is a well-known theorem of Flor [49] that this topology has no
non-trivial convergent sequences. Therefore, su(K) = K precisely when (un) is trivial, i.e.,
eventually null. In other words, for a non-trivial sequence u the basic g-closed subgroup
su(K) of K is proper. This proves the following
Theorem 4.20. Let G be a discrete Abelian group and let K = Ĝ. Then a subgroup H of
K is g-dense if and only if the group (G,TH ) has no non-trivial convergent sequences.
Let (G,TH ) be a precompact Abelian group, where H is a dense subgroup of the com-
pact group K = Ĝ. By Theorem 4.15, if (G,TH ) admits a non-trivial convergent sequence
(un) (i.e., H is not g-dense), then H has measure zero. This explains once again the motiva-
tion for Question 4.16. According to Theorem 4.19, every infinite compact Abelian group
K admits a subgroup H of Haar measure zero such that for the discrete group G = K̂ no
non-trivial sequences converge in (G,TH ).
On the other hand, for a discrete Abelian group G and an arbitrarily fixed sequence
(un) in G, one may ask when un → 0 for some precompact group topology τ on G. Since
the finest precompact topology TH that can do the job is obtained with H = su(K), we
conclude that un → 0 for some precompact group topology τ on G if and only if su(K) is
dense in K .
Further results in this direction can be found in [69,39,7,25]. A nice application of the
g-closure to sequential continuity of homomorphisms between precompact Abelian groups
was given recently in [63].
5. Other idempotent closure operators related to n
Before the introduction of new closure operators let us analyze how g was defined.
Denote by T∞ the subgroup of Tω consisting of those elements x = (xn) ∈ Tω such that
xn → 0 in T. Now for every morphism f = (fn) ∈ Hom(G,Tω) the subgroup f−1(T∞) of
G obviously coincides with the subgroup sf (G) defined in 4.1. For every G ∈ TopAbGrp
this defines a family
S(G) = {f−1(T∞): f ∈ Hom(G,Tω)}
of subgroups of G so that the following property holds:
h−1(H) ∈ S(G) for every h ∈ Hom(G,N) and for every H ∈ S(N). (2)
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closure operators by starting from a collection of “patterns” as in the above example [41].
More precisely, let P be a class of pairs (P,M), where P ∈ TopGrp and M is a subgroup
of P . One can define a closure operator c such that for an arbitrary G ∈ TopGrp the basic
c-closed subgroups of G are precisely those of the form f−1(M), where f ∈ Hom(G,P )
and (P,M) ∈ P . Now the families S(G) of these subgroups satisfy (2), hence these fami-
lies give rise to a closure operator of TopGrp that we shall denote by cP . Indeed, under this
condition, one can define an idempotent closure operator of TopGrp by taking as closed
subgroups of G precisely all intersections of subgroups from the families S(G). Similarly
closure operators of subcategories of TopGrp (e.g., TopAbGrp) can be defined. In case
the class P of patterns consists of pairs (TI ,M), where M is a subgroup of TI and I is
a non-empty set, cP is an idempotent closure operator of TopAbGrp that is hereditary on
PAbGrp. Moreover, every idempotent closure operator of TopAbGrp which is hereditary
on PAbGrp can be obtained in this way [19]. The (pre)radical associated to these closure
operators is precisely n.
In the next series of examples, we shall consider in each case a class P of patterns
consisting of a single pair (Tω,M), where M is a subgroup of Tω that will vary in the
various examples. Therefore, the resulting closure operator will always be idempotent and
hereditary when restricted to PAbGrp.
(A) For every positive real number r denote by T r∞ the subgroup of Tω consisting of those
elements x = (xn) ∈ Tω such that∑n ‖xn‖r < ∞. Clearly, T r∞  T∞.
(B) Let V be the family of all non-decreasing functions v : [0,1/2] → R+ such that v(0) =
0. We denote by Vs its subfamily consisting of all v such that for any pair of sequences
(an) and (bn) with
∑
n v(an) < ∞ and
∑
n v(bn) < ∞ also
∑
n v(an+bn) < ∞ holds
true. For v ∈ V denote by Tv the subset of Tω consisting of those elements x = (xn) ∈
Tω such that
∑
n v(xn) < ∞. In general Tv , need not be a subgroup of Tω. Indeed
Tv is a subgroup of Tω if and only if v ∈ Vs . In the sequel, for f ∈ Hom(G,Tω) we
denote by cf,v(G) the subset f−1(Tv) of G. If v is continuous at 0, then Tv ⊆ T∞, so
that cf,v(G) ⊆ sf (G). If v ∈ V is defined by v(x) = xr for some real r > 0 and all
x ∈ [0,1/2], then Tv = T r∞.
(C) Let G be a non-fixed filter on ω and let the set TG consist of all elements x =
(xn) ∈ Tω such that there exists A ∈ G with limn∈A xn = 0 in T. Now let f = (fn) ∈
Hom(G,Tω) with pairwise distinct fn and let F be the filter on the countable set
f = {fn: n ∈ ω} determined by G in the obvious way. Then f−1(TG) coincides with
the subgroup sF (G) defined above in the case G = T (see [52] for the general case).
Clearly; T∞ = TF0 for the Fréchet filter F0 of all co-finite subsets of N .
5.1. Characterizing sets
The following definition is inspired by [12], where the case G = T is considered.
Definition 5.1. For a subgroup H of a topological Abelian group G a characterizing set is
a countably infinite subset A of Ĝ such that H = sA(G).
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sarily basic g-closed. By Theorem 4.15, such an H must have measure zero. Hence there
exist basic g-closed subgroups (e.g., the closed subgroups of finite index) that cannot have
a characterizing set.
It is easy to see that every finite subgroup H of T has a characterizing set (for H ∼= Zm
let A = {an: n ∈ N}, where an = mn · idT). According to the principal theorem of [12]:
Theorem 5.2. [12] Every countable subgroup of T has a characterizing set.
In a compact Abelian group G, every basic g-closed subgroup H = su(G) of G can be
written as H = F ∩ sB(G), where F is a closed Gδ-subgroup (i.e., countable intersection
of kernels of characters). (If every un appears only finitely many times in u take as B the
set supporting this sequence. Otherwise, every character χ that appears as a subsequence
(unk ) gives kerχ as a contribution to the intersection defining su(G).) In general, one
cannot remove F , i.e., a closed Gδ-subgroup F need not necessary have a characterizing
set (e.g., when F is open). We show below, that F has a characterizing set precisely when
F is not open (see item (f) of Theorem 5.7).
Following (B), for a topological Abelian group G, a countably infinite subset A of Ĝ
and v ∈ V , we denote by cA,v(G) (or A−1(Tv), when A is considered as a homomorphism
G → Tω) the subgroup of all elements x of G satisfying∑a∈A v(a(x)) < ∞.
Another way of characterizing a subgroup is introduced, under suggestion by Liardet,
in [13]: for every finitely generated free subgroup H of T there exists an infinite subset
A ⊆ ZN such that H = sA(T) = A−1(T 1∞) (the latter group is cA,v(T) where v is the
identity function). Such a subset A is called a strong characterizing set of H in [13].
Beiglböck [8,9] extended this result to all countable subgroups of T. To expose his result
we recall first some definitions. For 0  a  1/2 denote by ηa the characteristic function
χ(a,1/2] of the interval (a,1/2]. Note, that for a countable A ⊆ Ĝ
(a) cA,ηb (G) = {x ∈ G: |{a ∈ A: ‖a(x)‖ > b}| < ∞} is a symmetric subset of G that need
not be a subgroup, but
cA,ηa (G)+ cA,ηa (G) ⊆ cA,η2a (G);
(b) cA,η0(G) =
⋃∞
k=1
⋂∞
n=k kerun is a subgroup of G and coincides with cA,v(G) for
every v ∈ V that is discontinuous at 0.
Moreover,
cA,η0(G) ⊆ sA(G) ⊆ cA,ηa (G) for every
0 < a < 1/2 and sA(G) =
∞⋂
n=1
cA,η1/n(G). (3)
Theorem 5.3. [8, Theorem 4.1.1] For every countable subgroup H of T there exists an
infinite subset A of N such that H = A−1(T r∞) = cA,η1/6(T) for every positive r .
Biró [11] has partially extended Theorem 5.3 and the main result of [13]:
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compact Abelian group G and every v ∈ V satisfying
(i) v(2x)Kv(x) for every x ∈ [0,1/2], where K > 0 is a constant depending only on v;
and
(ii) ∑∞n=1 v(2−n) < ∞,
there exists an infinite subset A of Ĝ such that
H = cA,v(G) = cA,η1/4(G). (4)
Note that (4) yields that v ∈ Vs for free.
The crucial role of (ii) is shown in [11] in the following strong way: if (ii) fails for v
satisfying (i), then for every dense cyclic subgroup H of G and every infinite subset A of Ĝ
such that H ⊆ cA,v(G), one has |sA(G)| = 2ω (so H cannot even contain the subset sA(G)
of cA,η1/4(G)).
The above theorem permits to partially extend Theorem 4.10 and 5.2 by proving that
every dense finitely generated free subgroup of a metrizable compact Abelian group has
a characterizing set. For the proof, take a dense finitely generated free subgroup H of a
metrizable compact Abelian group G. Then by Theorem 5.4, there exists an infinite subset
A of Ĝ such that (4) holds.
Note that one has cA,v(G) ⊆ sA(G) for all v satisfying (ii) (since such v’s are continuous
at 0). Hence one can add H = sA(G) to (4) as
sA(G) ⊆ cA,η1/4(G) ⊆ H  cA,v(G) sA(G).
Remark 5.5. In the same paper [11] a simultaneous characterization by means of two
subgroups cA,v1(G) and cA,v2(G) with the same A is also discussed. More precisely, if
v1, v2 ∈ V satisfy (i) from Theorem 5.4 and there exist constants E,q1 > 0 such that
(a) v2(x)E · v1(x) for every x ∈ [0,1/2];
(b) v1(x2) q1v1(x) for every x ∈ [0,1/2]; and
(c) ∑∞n=1 v1(v−12 (n−1)n) < ∞,
then for every finitely generated dense free subgroup H of G there exists an infinite subset
A of Ĝ such that H = cA,v1(G) = cA,v2(G).
Note that (a) yields cA,v1(G)  cA,v2(G). The importance of (c) is shown in [11] as
follows. If (c) fails for v1, v2, then for every dense cyclic subgroup H and every infinite
subset A of Ĝ such that H ⊆ cA,v1(G), one has |cA,v2(G)| = 2ω (so H cannot even contain
the subgroup cA,v2(G)).
Winkler [78] showed that arbitrary subgroups of T can be characterized (in a different
sense), by means of filters in N.
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According to Theorem 4.10, every countable subgroup of a MAP Abelian group is
g-closed (and MAP is a necessary condition for that). By Theorem 4.18 this cannot be
extended to uncountable subgroups even in the case of the group T. Here we consider
the much more subtle question of when all countable subgroups of a topological Abelian
group are basic g-closed. Quite recently the following theorem was proved simultaneously
in [10,38]:
Theorem 5.6. Every countable subgroup of a metrizable compact Abelian group has a
characterizing set.
Since every subgroup having a characterizing set is basic g-closed, this theorem gives a
complete solution of Problem 5.3 raised in [39] about the characterization of those compact
Abelian groups in which every countable subgroup is basic g-closed.
Corollary 5.7. Let G be a compact Abelian group. Then the following are equivalent:
(a) G is metrizable;
(b) every countable subgroup of G is basic g-closed;
(c) some subgroup of G of size < c is basic g-closed.
Moreover, if G is infinite, the above conditions are equivalent to:
(d) the zero subgroup of G has a characterizing set;
(e) every closed non-open subgroup of G has a characterizing set.
Proof. (a) → (b) follows from Theorem 5.6.
The implication (b) → (c) is trivial. To prove (c) → (a) assume that H is a basic g-closed
subgroup of G of size < c. Then there exist a sequence of characters vn such that H =
sv(G). Now N =⋂n kern ⊆ sv(G) and N is a compact subgroup of G. So our hypothesis
on H implies that |N | < c. This yields that N is finite, since infinite compact groups have
size at least c. Now note that G/N is isomorphic to a subgroup of the metrizable group Tω,
so G/N itself is metrizable. Then G is metrizable too, being locally homeomorphic to the
metrizable group G/N .
Observe next, that (d) implies (c), and (e) trivially implies (d). Assume that G is infinite
metrizable. Then A = Ĝ is countable by [53, 24.15]. To show that sA(G) = {0}, take any
x ∈ sA(G) and consider the subgroup H = {a(x): a ∈ A} of T. It cannot be dense in T as
a(x) → 0. Hence, H is a finite subgroup of T, so there exists m > 0 such that mH = 0.
Since a(mx) = 0 for every a ∈ A, we conclude that mx = 0 because the characters of G
separate the points. If m = 1 we are done. Assume m > 1. Then there exists a character
χ0 of G such that χ0(x) = 0. Since the subgroup 〈x〉 is finite, its annihilator in A has
finite index, so there exist infinitely many pairwise distinct characters an ∈ A with an(x) =
χ0(x). Since an(x) → 0, we get a contradiction. This proves the implication (a) → (d) for
every infinite metrizable group.
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set. Then G is metrizable by the already proved equivalence of (a) and (c). Let N be a
closed non-open subgroup of G. Then N has infinite index, so that the quotient group K =
G/N is an infinite compact metrizable Abelian group. By the already proved implication
(a) → (d) applied to the group K , the zero subgroup of K has a characterizing set B ⊆ K̂ .
Composing with the canonical homomorphism f :G → K = G/N we get an infinite set
A ⊆ K̂ . By Lemma 4.2 N = f−1(0) = f−1(sB(K)) = sA(G). 
By sharpening the above argument one can prove that every countable subgroup of a
topological Abelian group G has a characterizing set if and only if G is MAP and G+ has
countable pseudocharacter [38]. Since countable groups have countable pseudocharacter,
we obtain another immediate corollary of Theorem 5.6:
Corollary 5.8. Every subgroup of a countable precompact Abelian group is basic g-closed.
It would be interesting to characterize all precompact Abelian groups where every
subgroup is basic g-closed (according to Theorem 4.10 every countable subgroup of a
precompact Abelian group is g-closed).
There are other cases when every subgroup of a precompact group G is g-closed. For
example, take an infinite discrete Abelian group G. Then G+ is precompact and every
subgroup of G+ is (dually) closed, hence g-closed (i.e., gG+ = kG+ ).
On the other hand, since infinite compact groups are uncountable, one has:
Corollary 5.9. gG < kG for every infinite compact Abelian group G. More precisely, if H
is a countably infinite subgroup H of G, then H = gG(H) < kG(H).
The previous example shows that compactness is essential here.
5.3. Further steps
Here, we only suggest possible directions for further development.
The counterpart of g for non-Abelian topological groups is gU defined as
gUG(H) :=
⋂
f∈Hom(G,U)N
{
sf (G): H  sf (G)
}
for G ∈ TopGrp and H  G, i.e., x ∈ gUG(H) if and only if ∀f = (fn) ∈ Hom(G,
U)ω[(∀h ∈ H)fn(h) → 1] ⇒ fn(x) → 1.
One can easily see that gU is a closure operator, and gUG(H) gG(H) for every Abelian
topological group G and subgroup H of G. It is not clear whether equality always holds
here.
Another possibility is to consider other radicals instead of n. Let α be an infinite cardi-
nal. A topological group G is α-totally bounded if for every non-empty open set U of G
there exists a subset F of G of size < α such that U · F = G. The Hausdorff α-totally
bounded groups will be called α-precompact. The ω-totally bounded (ω-precompact)
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(PαGrp) denote the category of α-totally bounded (respectively, α-precompact) groups;
for α = ω we simply get BGrp (respectively, PGrp). For every α BαGrp (PαGrp) is a
bireflective (respectively, epireflective) subcategory of TopGrp. It is known that for every
infinite α, the category Pα+Grp coincides with the epireflective hull of the class of all
groups of weight  α [50]. The question of whether Pω1Grp is simply generated was
raised by Arhangel′skij. Actually, he asked the stronger property, namely, whether every
group of countable weight is isomorphic to a subgroup of some (universal) group of count-
able weight. A positive answer was given by Uspenskij. He proved that every topological
group with a countable basis is topologically isomorphic to some subgroup of the group
of all auto-homeomorphisms of the Hilbert cube in the compact-open topology [72] (see
also [73] for a different universal group). In the Abelian context, Pω1AbGrp was shown
to be simply generated quite recently by Shkarin [71]. Actually, he shows that under the
assumption of GCH, this result can be extended to larger classes of Abelian topological
groups such as:
(a) the class of all metrizable Abelian topological groups of weight less than or equal to a
given cardinal τ ;
(b) the class of all Abelian topological groups of weight less than or equal to a given
cardinal τ .
The question of whether the counterpart of (b) is true for non-Abelian groups still re-
mains open in the case of uncountable τ [73].
In the context of discrete groups, having countable weight means being countable. It is
easy to see that every discrete countable Abelian group is isomorphic to a subgroup of a
single countable discrete group (namely,⊕ω(Q⊕Q/Z)). It is somewhat surprising that in
the case of all discrete groups this fails, i.e., a universal countable (discrete) group does not
exist. In fact, there are 2ω pairwise non-isomorphic finitely generated groups (cf. Leinen
[60, proof of Theorem 6.1]), while every countable group has only countably many finitely
generated subgroups.
6. Sequential limit laws do not lead to closure operators
6.1. Topologically torsion elements
For u = (un) ∈ Zω and an Abelian G ∈ TopGrp let tu(G) = {x ∈ G :unx → 0 in G},
the set of topologically u-torsion elements of G [32]. The following two relevant instances
(Braconnier [15], Vilenkin [76]) motivated this general definition:
• for un = pn (p prime), topologically p-torsion elements;
• for un = n!, topologically torsion elements.
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on the sequence u ) in [5–13,31–35,46,58,59]. A description of the topologically torsion
elements of T can be found in [40,35].
An equivalent approach to topologically torsion elements may be given by sequential
limit laws introduced in [57] as follows: for a sequence u = (un) ∈ Zω, we say that the
topological group G satisfies the sequential limit law u if unx → 0 in G for every x ∈ G.
Clearly, in these terms the subgroup tu(G) of G is precisely the largest subgroup of G
satisfying the sequential limit law u when G ∈ AbTopGrp.
For G = T, tu(T) and su(T) coincide, as Ĝ = Z,
Lemma 6.1. tu(−) is a preradical in AbTopGrp for every u ∈ Zω.
For H G ∈ TopGrp define
tG(H) :=
⋂
u∈Zω
{
tu(G): H  tu(G)
}
and (in analogy with g), the notions t-dense and t-closed. When H = 〈x〉 is cyclic we
simply write t(x) instead of t(〈x〉).
Example 6.2.
(a) Let E be a linear topological space. Then t(0) = 0, while t(x) = E for every non-zero
x ∈ E. So, E has no proper t-closed subgroups.
(b) According to Example 4.9, all cyclic subgroups of T are t-closed (= g-closed).
Theorem 6.3. [35] For a non-discrete locally compact group G, all cyclic subgroups of G
are t-closed if and only if G ∼= T.
According to Theorem 4.10, all cyclic subgroups of any MAP Abelian group are
g-closed. The divergence between the properties of t and g is due to the fact that t is
not a closure operator. Indeed, every non-zero H R is t-dense by Example 6.2(a), while
T has many t-closed subgroups (cf. Example 6.2(b)). Hence ϕ :R → T does not satisfy (b)
from Definition 3.1.
The next theorem negatively answers Question 4.16 also in this interpretation of density
(note that both kinds of density coincide on T):
Theorem 6.4. [52] Let G be a compact group that is not totally disconnected. Then for
a filter F on ω, as in Theorem 4.18, the subgroup tF (G) =
⋃
B∈F tB(G) of G is t-dense
with Haar measure zero.
6.2. A topological game
The following two-player topological game Gt(G) was considered in [31,33] for G ∈
TopGrp:
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Stage 2. In order to (eventually) “capture” x (by learning as much as possible about
it) Player P2 asks questions Qu, depending on u = (un) ∈ Zω, of the following form:
Qu: does xun → 1 in G?
Let us note that the full information available to P2 after knowing the answers to all
questions Qu, u ∈ Zω, determines the set
t(x) = {y ∈ G :uny → 0 whenever unx → 0}.
(Here we are using the notation from Section 6.1 even if the group need not be Abelian.)
So P2 cannot distinguish at all between the points x and y, if 〈x〉 = 〈y〉. This is the reason
that we agree to say that P2 can (virtually) win the game Gt(G) if t(x) = 〈x〉 for every
x ∈ G.
According to Theorem 6.3, P2 can win the game Gt(G) for a non-discrete locally com-
pact group G if and only if G ∼= T.
In order to enlarge the class of groups where P2 can win, we slightly change the rules
of the game. Define the game Gg(G) analogously, replacing the question Qu by Q′v , where
v = (vn) ∈ Ĝω: does vn(x) → 0 in T?
As above, P2 cannot distinguish between x and y if 〈x〉 = 〈y〉. Since the information
available to P2 in the game Gg(G) allows him to determine only the subgroup g(x), we say
as above that P2 can win the game Gg(G) if g(x) = 〈x〉 for every x ∈ G.
According to Theorem 4.10, P2 can win Gg(G) for an Abelian G ∈ TopGrp if and only
if G is MAP.
Due to Theorem 5.2 (note that [12] appeared after [31]), the game Gt(T) (coinciding
with Gg(T)) becomes equivalent (up to finitely many questions) to the choice of a sequence
u within the set S of all characterizing sequences. Indeed, if the answer to some specific
question Qu with u ∈ S is positive, then the point x belongs to the cyclic subgroup 〈α〉
determined by su(T). From this point on, one can determine x with finitely many steps
(corresponding to the subgroups 〈mα〉, m ∈ N, that contain x).
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